62. 


ON THE SOLUTION OF A CERTAIN CLASS OF DIFFERENCE 
OR DIFFERENTIAL EQUATIONS. 


[American Journal of Mathematies, Iv. (1881), pp. 260—265.] 


CastTING my eye over Mr Moulton’s valuable edition of Boole’s Treatise 
on Finite Differences (see pp. 229—231), I was gratified to find that he had 
embalmed in it a solution that I had given* many years ago, of an equation 
in differences, of the simple but very general form expressed by equating to 
zero or to Pm” the persymmetrical determinant 

Upp! iE Oa 
Ug+1 Ugo +e» Ug+iti 


Ury Ug+s +++ Watie 


Ugyi Uniti s++ Uztai 
which is of the ith degree and 27th order. 
To fix the ideas, let us consider the simple case 
Ugug+2— Wy == P m”, 
of which, when P =0, the solution is us = Aat, A and a being both arbitrary, 
but for P not zero is expressed by us = + (Aa? + BS”) with the conditions 
aS =m, AB(a —BY= 
which solution as an obiter dictum I may remark may easily be converted 
into the simpler and more explicit form 
(sin 8u + P {sin (a + Bx)}? m* = 0 
where a, 8 are arbitrary constants. 
If we proceed now to verify the solution in its original form, we shall 
immediately be led to perceive a certain generalization which the given 
equation may be made to undergo without ceasing to be soluble—-the 


solution however becoming narrowed from a general to a special one: 
whether particular or singular I shall not discuss. 


[* This Reprint, Vol. 11., pp. 308, 313.] 
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If we write u,= Aa? + BB*, the determinant becomes 

| Aa + Bpo ‘Aa + Bees 

Aash is BBY, Aatt2 + Bet 

which is equal to AB(a—£)?(a8)*; this is the verification spoken of: but, 
as a consequence, it is apparent that we must have 

Aa +B B? is Cry, Aart + B Bt + Cyt 

| Aat + BB Ae Cyt aos Si BB+? Ep Cry*+? 

= AB (a — BY (aB F + BC (B — yY (By) + CA (y — a} (ya). 


Hence we can solve the equation 


Ugna — Warp = Pl* + Qm* + Rre, 
namely, we may write Ugs + Aa? + B8? + Cy? = 0, 
where By=l, ‘ya=m, aB =n, 
AB(a-8}=R, BC(B-yf=P, CA(y-a}=Q, 


that is to say a= (F) p=,/(=), v=a/(*), 
4a/(S) aca Ba) n] 


T | (>p). 
ids / (ze) (y—)(y—B)’ 


or calling V(lmn)= 9, W(PQR)=G, 
at a aa 
Ge CRASS Aes 
AS G (n—m)P Di G (l-n)m? 
"g (l—m)(l—n)P’ g` (m-=-n)(m=- Q 
1 (m—l)n? 


=y G- Ja- mR 
The result therefore in its rational unambiguous form is 
PQR (lm — mn} (mn = nl} (nl — lm} (lmn)* u? = {X (lm — In) QR (mn)*}?. 
When any of the quantities P, Q, R vanish, or any of the quantities 


l, m, n vanish or become equal to one another, the solution fails. 


We shall, however, easily obtain a compensatory form of equation supply- 
ing the place of two of the exponentials, and another supplying the place of 
all three becoming identical, and the solution of these substituted forms may 
be deduced from that of the original form of the equation. 

35—2 
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Thus, first, let 
m=(1+e)p, Rr se 
Gus ; (s+ a a elt ; (8 = where e is an infinitesimal. 


Then the equation becomes 
Ugg — Wey = PI + Sp? + Top” 


and the solution in its unreduced form is 
= Aa? + BR? + Cy", 


where Na B=(1-e)Vl, y=(1+e)v/, 


7 E 
e p Sn y) EA ea IEP e 


PR 
ae MEN: T A, 


— ve 
—1 8 Jl 
<P) lait aoa 
1 S Jl 
CaM P agt Pyle Tah 


a—1 
Hence BB*+Cy*=V/(-—P)l2 


=W(-P)}2 (a-r) +4| 12; 


Pe age PA VOR aE- P ia a +2) k 


(ENa 25" ae 2 
a+ v % = 
or Pi rug + {2 (- i) Cer, tta) =o 


will satisfy the given equation 
Un nr — Wes = Pl + Su” + Tap’. 


ES 


When T=0 the solution fails, as we know à priori it ought to do. 
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When S=0 it takes the form 

Moy 2l 3 
Hke ee ee Ra pipe? Whe A 
Pre td + IP j) a P(e)! 0. 

We might, by an analogous process, writing (1 + e), (1 + pe), (1 + pe) in 
lieu of l, m,n, and giving P, Q, R appropriate values involving e as well as 
e, render XPI” a finite function of the form (S+ Te + Ua*)r*, and deduce 


the solution of Uzus, — Wsp =(S + Te + Ux?) dr as a particular case of the 
solution of the general equation. But as we can easily see that the un- 


reduced form of the solution must be demand + Ba + CaP), it will be easier 
to find A, B, C immediately from the equation 

A+ Bx + Cx? A+B(ea+1)+C(e@+1) 
| A+B(@+1)+C(e@+1P A+B(e4+2)4+C (x42) 
| A+Bar+Ce A+B(e#+1)+0C(#+1) | 


jii B+O4+2Cx B+304+ 20x 
a A+Ba+Ce2 B+C+2Cz =~ 94 Te + Une. 
B+C+20r 20 
Hance ~20?=U, -2B0-40°=T, 2AC—(B+Cy=S8. 
sande | T T 2U +T 
fom AF. 2 i2Y th 
o= (F) B=-20- 392-1620) - a= Fea 
a+ {/ Gs) * amt 
An St(Bt OF _ 2 W(- 207). p AU + T+ UY 
= 20 A V(— 2U) —2Uy(- 2U) ’ 
è SUtu + 12024 + (4U? — 2UT)æ + 28U — (T+ U)} ae =0 


is the required primitive of the given equation. 

The method may obviously be extended to any equation of the given 
form: that is to say when the persymmetrical determinant which it contains 
is of the degree 7 and is equated to (¢ + 1) multiples of. exponentials each of 
the form Pl” an integral of it can be found, and if these 7 exponentials be 
subdivided into partial groups of e, e’, e”... terms in a group, then instead of 
the e multiples of exponentials belonging to any group may be substituted 

(Pi + Pas + Piet... + Pa) l*, 
and the solution of the equation so modified may be deduced from the 
solution first mentioned as a particular case thereof. 

It will be sufficient for all reasonable purposes of illustration briefly to 
consider the case of 

Ug Uni Ueto | 
igs \ E EI AT | = Pl” + Qm” + Rn*® + Sp*. 


| Ugse Ugseg  Uata 
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An integral of this may be found by writing 
= Aa” + BB* + Cy” + Dò”, 
where ByS=1, ayS=m, aBdS=n, aby =p, 
BCDE(B,y, 8)=P, ACDE(a,y,8)=Q, ABDE(a, B,8)=R, 
— ABCE (a, B, y) =8, 


č meaning the product of the squared differences of the letters which it 
governs. We have thus 


ae t ALD Mee eye 
a= l ? B T m , y n > ò p ’ 
where g = V(lmnp) 
and AB: CD: [E (a, B, y, §)]? = PQRS, 


so that writing 
“te Bni 3 — fone) r F’ 
Aren 8 
P 


Atn Balaaa e O 6.8) 0; Datla 8 ia: 
P Q R S 


and thus 


(PORSY (mnp) {e (7, cs E, a) ue = Umnp) [ZORSE (e, y, 8)1-*} 
dy [pors (7, SEI sf ua = mnp {sense (2, a z), 


It is scarcely necessary to add that all the above conclusions continue to 


h 
hold, when, on the left hand side of the equation for uz,» we write (=) y 


and at the same time for any exponential /* on the right hand side sub- 
stitute e7. 


Thus for instance we may in general find an integral of 


yy” we y’? = Ae + Bek? cos (ax + £) 
or again of 


(yy =y) y” — yy” F+ 2y'y y” — y” = Ae’ cos (aa: + B) + Be* cos (yx + 8). 
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